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Abstract
In broad terms circle packing involves the arrangement of circles in a
plane while sphere packing involves the arrangement of spheres in a plane,
both with the intention of maximizing the occupied space while minimizing
the space outside of the circles or spheres. In this paper, we will explore
how to build circle and sphere packings, Kepler’s Conjecture, the history of
the proof.
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Introduction
The cannonball problem was first posed by Sir Walter Raleigh at the end

of the 1590’s which led to the exploration of the sphere packing problem from
which the circle packing problem was developed and solved. This problem can
be looked at in all dimensions, and has recently been solved for the 8th and 24th
dimensions. However each dimension behaves differently, so for the purposes of
this paper, we will focus on the 2nd and 3rd dimensions. First, we will start
with the two dimensional circle packing problem and then move on to the sphere
packing problem and Kepler’s Conjecture.
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Circle Packing
The origin of circle packing lies in topology. Circle packing at its basics is the

arrangement of non-overlapping circles, of equal or various sizes, within planar
space. A common circle packing problem looks at the space contained within a
circle where the goal is to pack unit circles inside of a circle such that we minimize
the size of the larger circle.
In this paper, the goal of the circle packing problem is to find an arrangement
of identical circles that covers as much area as possible starting first within a
contained space and then expanding to the infinite plane. In doing so, we are
looking for the maximum density of the packing which means the largest proportion
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of the area of the given space is covered by the circles that are packed close together.
Mathematically, we define density as follows:
Definition (Density).
Density(Cr ) =

Area(Cr )
Area(Rn )

Where Cr is the circle of radius r and Rn is the 2 dimensional space R2 . As the
size of the contained space increases, the density of the circle arrangement density
is the asymptotic limit.
In order to understand the circle packing problem, we must first define what a
lattice is.
Definition (Lattice). A lattice in Rn is an additive subgroup of Rn which is
isomorphic as a group to Zn and which spans the real vector space Rn
In more general terms, a lattice is an arrangement of circles which centers the
circles to form a symmetric pattern. A lattice arrangement can also be known as
a regular arrangement and will be periodic, which means the arrangement repeats
over intervals. An arrangement is irregular if the centers of the circles do not
form a lattice and can also be periodic but are usually random. Figure 1 shows
several examples of regular lattice arrangements. The centers of the circles form
different shapes which is highlighted by a fundamental region which makes it easier
to visually compare the density of each arrangement. Note that with hexagonal
packing, the space in the middle of each hexagon can fit another circle which looks
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like the triangular packing arrangement when the hexagons overlap with a close
packing.

Figure 1: Examples of Lattice Arrangements[2]

It can be difficult to imagine these arrangements extending to infinity so one
way of tackling this is to think about the arrangements in terms of smaller, finite
regions. The problem with packings in finite spaces in the variable region and
inconsistency of packing efficiency. For example, let’s restrict the region to a 4x4
square using unit circles as pictured below in Figure 2.

4

Figure 2: Square Lattice vs. Hexagonal Lattice

We can see that a square lattice will fit four circles where using a hexagonal
lattice will only fit three circles. Therefore in this finite region, a square lattice
is more efficient and more dense even though we know that in infinite space, the
hexagonal lattice is the densest arrangement. Another example of this inconsistency of packing efficiency can be visualized with a 5.8x6 Rectangle using unit
circles as pictured below in Figure 3.

Figure 3: Square Lattice vs. Hexagonal Lattice vs Combination
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Here we see that using the square lattice we can fit six circles. If we use a
hexagonal lattice, we can fit seven circles. But, if we use a combination of the two
lattices, therefore using an irregular arrangement, we can fit the most number of
circles, eight, giving us the densest arrangement. Therefore, we must be careful
when thinking about infinite spaces in terms of finite regions.
In 1773, Lagrange was able to prove that if the circle arrangements are lattices,
then the minimal density is

√π .
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However, this did not consider other non-lattice

arrangements. In 1890, Axel Thue came up with the following theorem.

Theorem (Axel Thue Theorem). The regular hexagonal lattice is the densest circle packing in the plane. The density of this arrangement is

√π
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' 0.90690

He was the first to solve the circle packing problem for all arrangements but his
proof was not accepted as it was found to be incomplete. It is generally believe that
in 1940, L.F. Toth was able to completed the first complete proof for the general
circle packing problem involving all arrangements. The general circle packing
problem aims to find a circle packing, an arrangement of identical non-overlapping
circles in the plane, while minimizing the amount of space outside the circles.
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Sphere Packing

3.1

Basics and Constructing Arrangements

Sphere packing at its basics is the arrangement of non-overlapping spheres in
3-dimensional space. The focus of the sphere packing problem is to find an arrangement of identical spheres that fills as much of the contained space as possible,
where the size of the spheres is fixed, and the pattern is the variable. In doing so,
we are looking for the maximum density of the packing or the largest proportion
of the volume of the space filled by the spheres.
There are a few methods for building sphere packings and we can build irregular and regular arrangements. Irregular arrangements can be formed by randomly
adding spheres into the contained space (and compressing the spheres until they
do not move anymore) which will have an average density of about 64%. For the
purpose of this paper and the sphere packing problem, we only care about the
regular arrangements that involve using lattices.
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Figure 4: Square vs Hexagonal Close Packing Arrangements

Another method is to create a lattice arrangement in 3-dimensional space similar to the way we created a lattice arrangement in circle packing. In doing so,
we construct a plane of spheres where the centers of the spheres form one layer
of a lattice arrangement. Then, we add another layer of spheres directly on top
of each other so that the centers of the spheres are aligned vertically. This type
of arrangement is called a regular packing. So for example, if we create a square
lattice arrangement with spheres and then add another layer of spheres directly
on top of the previous layer, we have created a regular square lattice packing arrangement as pictured below on the left of Figure 5.
Other lattice packings include the cubic lattice, hexagonal lattice, and the
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tetrahedral lattice. However, these packings are not nearly as dense as the close
packing methods. The cubic lattice has a density of
lattice has a density of
√
π 3
16

π
√
3 3

π
6

' 0.5236. The hexagonal

' 0.6046. The tetrahedral lattice has a density of

' 0.3401.

Figure 5: Regular Square vs Hexagonal Lattice Packing Arrangements[7]

A more common way to create a sphere packing is to generate a family of
structures called close-packed structures which refers to the way in which the layer
of spheres is placed in relation to the previous layer of spheres. This family of
structures includes hexagonal close packing, pictured above on the right of Figure
5, and cubic close packing. In order to generate a hexagonal close packing, we
first start out with a plane of spheres packed using the hexagonal lattice that we
used in circle packing. Then we add a second plane above the first and place the
spheres in the hole that is created between three spheres on the first plane. We
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continue placing spheres by this method until the second plane is also a hexagonal
lattice that is offset from the first plane of spheres. Thus, we continue this process
into the 3rd plane, adding planes until our contained space is filled. By using a
similar process, we can also create the cubic close.

Figure 6: Simple vs Body vs Face Packing Arrangements[9]

A different method of constructing these sphere packings is to start with a
cube as pictured above in Figure 6. First, we start with a cube, place a sphere
on each of the corners and expand the radius of the spheres until the spheres are
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touching. This creates the simple cubic packing, also known as regular cubic lattic
arrangement, pictured on the left of Figure 6. In order to construct the bodycentered cubic packing, pictured in the middle of Figure 6, we start the same way
as simple cubic with a sphere on each of the corners of the spheres. Next we add
a sphere in the center of the cube and expand the radius of the spheres until the
spheres are touching. Finally, we will create the face-centered cubic packing, also
known as cubic close packing, pictured on the right of Figure 6. Again, we start
with a cube and a sphere on each of the corners of the cube. Then we add a
sphere on each of the faces of the cube and expand the radius of the spheres until
the spheres are touching. You can see from the bottom row of arrangements in
Figure 6, that the face-centered cubic packing visually looks the most dense of the
arrangements.
In order to find the density of the space that we filled, we divide the total
volume of the spheres by the total volume of our space:

Density(Sr ) =

V olume(Sr )
V olume(Rn )

Because the arrangements are periodic and extend infinitely, the density of a contained space in our arrangement will reflect the density of the packing in infinite space. The average density of the cubic and hexagonal close packings is
π
√
3 2

' 0.74048. We can calculate the density using the formula above. First, we

take a cubic region in our 3-dimensional space, as pictured above in the highlighted
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cubic region of Face-centered cubic packing in Figure 6. Let’s highlight this region
below in Figure 7.

Figure 7: Cubic Region of Face Centered Cubic Packing aka Cubic Close Packing

We need to find the volume of the spheres in this highlighted region in addition
to the volume of the cubic region. The only information that we have from this
problem is the radius of the spheres as we are using unit spheres. From Figure 7,
we can see that there are a total of eight

1
8

spheres and 6

1
2

spheres for a grand

total of 4 spheres. We can find the total volume of the spheres using the formula
for the volume of spheres: 43 πr3 .
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Figure 8: Cubic Region of Face Centered Cubic Packing aka Cubic Close Packing

From Figure 8, we can see that because the spheres are touching, the radii
are touching to form a diagonal of length 4. Using the Pythagorean Theorem:
√
a2 + b2 = c2 , we find that the length of each side of the cube is 2 2. We can find
the volume of the cubic region using the formula for the volume of a cube: s3 ,
where s is the length of one side. Applying the calculations that we found to the
formula for density, we find that
4( 43 π)
π
Density = √
= √ ' 0.74048
3
(2 2)
3 2
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3.2

A Brief History

In the end of the 1590’s, Sir Walter Raleigh posed the Cannonball Problem to
his assistant Thomas Harriot, a mathematician from Oxford. Sir Walter Raleigh
wanted to know if there was a way to know how many cannonballs were in a stack
without individually counting all of the balls. This was a simple enough task for
Harriot which he found for a square pyramid to be 16 k(1 + k)(1 + 2k) if k is the
number of balls along one side of the base of the pyramid. We see that this is the
formula for the sum of squares:
k
X

i2

i=0

.

Figure 9: Cannonball Problem[10]

Because of his background in mathematics and science, Harriot was interested
in the more general problem of the most efficient way to stack as many cannonballs
14

to fit in the hold of the ship, and thus the sphere packing problem was born. Harriot sought help from his German astronomer and mathematician friend Johannes
Kepler who in 1611 conjectured that the densest way to pack spheres into a given
space is by using cubic close packing and hexagonal close packing arrangements,
pictured below in Figure 10, which he knew have the same density.

Figure 10: Square vs Hexagonal Close Packing Arrangements[5]
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Kepler’s Conjecture
Kepler’s Conjecture is stated as followed:

Conjecture (Kepler’s Conjecture). No arrangement has a greater average density
than that of a cubic close packing and hexagonal packing arrangements. (Arrangements pictured above in Figure 10)
Though Kepler’s Conjecture seems to be logical and make sense visually, the
proof doesn’t follow as easily.
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4.1

Carl Friedrich Gauss

In 1831, Gauss was able to prove that in three-dimensional Euclidean space,
cubic close packing has the greatest density when comparing lattice packing. He
was the first to make progress with proving Kepler’s Conjecture by showing that
the centers of the spheres would form equilateral triangles in every direction if
a regular lattice was used to align the spheres centers, his proof leaves out a lot
of other possible packing arrangements. He was able to prove the densest lattice
packing arrangement is hexagonal without any calculations.
Theorem. Hexagonal close packing is the densest lattice sphere packing arrangement in 3-dimensional space.
Proof. Suppose that we have an arbitrary lattice V where the distance between
2 points is at least 2. Make each point of the lattice the center of a unit sphere.
This means that in the lattice that has the greatest density, some pairs of spheres
are going to touch. Since a lattice is an additive subgroup, the spheres will form
parallel infinite linear strings of spheres. Two of these lines of spheres will touch
if the lattice is optimal. The lattice property will force the lines of spheres into
planes of spheres where the centers of the spheres that touch in two adjacent lines
form a rhombus lattice.
As the balls on each sheet form a rhombic tile, two of the distances between
vertices v1 , v2 , v3 , corresponding to two adjacent edges of the rhombus, are equal
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to 2. This means that v0 , the center of the sphere, together with two of v1 , v2 , v3
form an equilateral triangle. From the perspective of the plane containing the
equilateral triangle, the lattice property forces this entire plane, as well as parallel
planes, to be tiled with equilateral triangles. Since each of these planes sits as close
as possible to the sheet below, a ball of one sheet touches the three spheres in an
equilateral triangle on the layer below. These four balls form a regular tetrahedron,
because the triangles are equilateral, which uniquely identifies the lattice as the
cubic close packing.

4.2

László Fejes Tóth

In 1953, Tóth reduced the sphere packing problem to a large number of calculations to find the maximum density of both regular and irregular arrangements.
This was good news for an angle of approach for proving Kepler’s Conjecture
because although it would be tedious, it would be possible to use a proof by exhaustion. This paved the way for Hales to be able to use a computer to conduct
a proof by exhaustion.

4.3

Wu-Yi Hsiang

In 1990, Hsiang introduced his proof of Kepler’s Conjecture by defining density
of cubic close packing and setting his own conditions so that he could prove the
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density of the arrangements in his proof using geometric methods. Unfortunately,
his proof was found to have too many errors and holes in his logic because he set his
own critical case analysis or experiments and examples that were to be tested and
his proof was based on too many inequalities. Hales was actually one of the main
critics of Hsiang’s proof and argued that Hsiang did not give a thorough proof of
the general problem of Kepler’s Conjecture. This motivated Hales to attempt the
proof of Kepler’s Conjecture.

4.4

Thomas Hales Proof

In 1990, Hales and his graduate student Ferguson started working on attempting to solve the proof to Kepler’s Conjecture. They started by using geometric and
combinatoric arguments to check the individual cases since Tóth was able to prove
that a proof by exhaustion would be feasible. The biggest controversy regarding
Hales proof was its use of a computer and relying on the automated calculation
of inequalities by interval arithmetic, combinatorics, linear programming bounds,
branch and bound methods, numerical optimization, and output organization. In
1998, Hales and Ferguson posted their 250 page proof on the internet, challenging all mathematicians to find a fault in their proof. They were able to find the
maximum density of sphere packings in 3 dimensions by minimizing a function
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with 150 variables. They wrote a computer program to automate the calculations
to check the individual cases to see if the proposition would hold. Running the
program in its entirety takes about 5 hours and in 2006, their proof, including the
computerized calculations checked out.

5

Applications

5.1

Circle Packing

The applications of circle packing include coverage, packaging, tree exploitation/farming, cutting industry, and origami. The goal of coverage is to place radio
or cell towers in a geographical region without overlapping circles to reduce interference but such that the coverage of the towers is maximized. The purpose of
packaging is to determine the smallest box in which one can pack a given number
of bottles which can’t be stacked on top of each other, therefore leaving the focus
on the circles that are formed by the bottom of the bottles. Tree exploitation
and farming is about planting trees and seeds in a given region so that the forest is as dense as possible and the land used is maximized, but distance between
trees/plants allows each other to grow up to their maximal potential size. The
aim of using circle packing in the cutting industry is to cut out as many identical
disks as possible from a given (in the general case, irregular) piece of material
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while minimizing wasted material. The main use of circle packing in origami is to
arrange and size circles such that enough paper allotted for the correct proportions
of limbs and parts without leaving excess paper.

5.2

Sphere Packing

The applications of sphere packing include storage and Chemistry and atomic
structure. The purpose of storage is to place as many identical objects as possible
into a storage container and is the same as Harriot’s original fascination of the
general sphere packing problem. An example of storage is the way oranges and
spherical fruits are stacked in grocery stores. Chemistry and atomic structure
involves unequal sphere packing in terms of manipulating atomic structures.
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Conclusion
We have solved the circle packing problem and the sphere packing problem.

The circle packing problem, as you recall, aims to find an arrangement of identical
non-overlapping circles in the plane, with the goal of minimizing the amount of
space outside the circles. The densest circle packing, in the 2-dimensional infinite
plane uses a hexagonal lattice arrangement. The sphere packing problem aims
to find an arrangement of identical spheres in 3-dimensional space, with the goal
of minimizing the amount of space outside the spheres. Kepler solves this and
20

finds the densest sphere packing, in the infinite 3-dimensional space uses either
cubic close packing or hexagonal close packing which both have the same density.
These problems can be generalized to the n-dimensional space and were recently
solved in 8 and 24 dimensions. A Ukranian mathematician was able to find the
densest arrangement in R8 is E8 with a density of ∆8 =

π4
384

' 0.25367. She was

then approached by several mathematicians who expanded her methods to cover
24 dimensions. They found the densest arrangement in R24 is by using a Leech
lattice. One thing to note is that while the circle/sphere packing problem has been
solved in 8 and 24 dimensions, it has yet to be solved in 4 dimensions, but we are
one step closer to solving the problem in higher dimensions.
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